
EKONOMSKI HORIZONTI, 2011, 13, (2) str. 5-23 
 

 5

Originalni naučni članak 
005.83; 

005.585:330.322 
 

 
 
Maya Lambovska1 
University of National and World Economy - Sofia, Bulgaria  

Department of Management 

Angel Marchev, Jr. 
University of National and World Economy - Sofia, Bulgaria  

Department of Management 

 

 

A FUZZY APPROACH FOR EXPERT EVALUATION OF 
INVESTMENT PORTFOLIOS 

 

Abstract: The main focus of this paper is on proposing a new fuzzy approach 

for evaluating investment portfolios. The approach suggested uses tools of the 

theory of confidence intervals, theory of fuzzy subsets and the method of expertise. 

Using the mentioned instrumentarium an empirical approbation is conducted. The 

approbation is realized through the case data and is aimed at demonstrating the 

approach and its applicability. The suggested approach could also be used as a 

base for comparison and/or ranking different portfolios. The used experts’ 

evaluations could be aggregate results from other approaches for portfolio 

management. Thus, the approach could be described as a universal tool for 

combining several methods for evaluation of investment portfolios. 

Keywords: management process of investment portfolio, fuzzy evaluation; 

fuzzy expertons and incidence matrices; delayed effects 

 

FUZZY PRISTUP ZA EKSPERTSKU EVALUACIJU 
INVESTICIONOG PORTFOLIJA  

 

Apstrakt: Glavni cilj ovog rada jeste predlaganje novog pristupa za 

evaluaciju investicionog portfolija koji se zove fuzzy pristup. Ovaj pristup 

preporučuje korišćenje teorije intervala poverenja, teorije fuzzy podgrupa i metodu 
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ekspertize. Korišćenjem pomenutog insturmentarijuma (teorija i metoda) 

obezbeñuje se empirijsko sprovoñenje samog pristupa. U radu su dati podaci 

odreñenog slučaja koji imaju za cilj da pokažu primenljivost samog pristupa. 

Predloženi pristup može biti korišćen kao osnova za poreñenje i/ili rangiranje 

različitih portfolija. Procene se koristi od strane stručnjaka i njeni rezultati mogu 

biti pridodati rezultatima drugih pristupa za upravljanje portfoliom. Tako da se 

ovaj pristup  može opisati kao univerzalna alatka koja kombinuje nekoliko metoda 

za procenu ulaganja portfolija. 

 Ključne reči: upravljanje procesom investicionog portfolija, fazzy 

evaluacija; fazzy ekpertonst i matrice učestalosti; odloženi efekti. 

 

JEL Classification: G11, M20, C69 

 

INTRODUCTION 

 

In the recent turbulent years of financial uncertainty, a large number of 
regulations and solutions for the investment markets have been proposed, which 
have proved to be inappropriate and inadequate (for a short list of examples see: 
Kral 2003; Kral 2009; Kral 2010; Belas 2009; Belas 2010). At the same time, there 
is an ongoing search for new possibilities for innovation through application of 
various new methods for solving the investment problem with fuzzy logic and 
fuzzy sets being increasingly popular in this context. This paper presents a new 
fuzzy approach for evaluation of investment portfolios, where the approach is 
regarded by the authors as a sub-phase of the management process of these 
portfolios. The approach defines the mutual and delayed effects among the 
significant variables of the investment portfolio. The evaluations of the effects are 
described as fuzzy trapezoidal numbers and they are aggregated by mathematical 
operations with incidence matrices and fuzzy functions “experton”. 

The main focus of this paper is on proposing a new fuzzy approach for 
evaluating investment portfolios. This aim is achieved by consequently fulfilling 
several research tasks. The first is to review the general concept of investment 
portfolio and the process of investment portfolio management. Next is to point out 
possible fuzzy approaches for portfolio management. Then the terminology of both 
methods used and stages of the portfolio evaluation are to be defined. Finally an 
empirical approbation should be conducted.  

In methodical terms the suggested approach uses tools of the confidence 
intervals theory, theory of fuzzy subsets and method of expertise. Within the range 
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of the fuzzy instruments used there are fuzzy trapezoidal numbers, fuzzy functions 
“experton” and fuzzy random incidence matrices. 

The paper is divided into seven parts in structural terms. Some important 
terms of the portfolio theory are defined in part 1. The process of the portfolio 
management is described and dissected in part 2. Known and possible fuzzy 
approaches to portfolio management are reviewed in part 3. Part 4 outlines the 
concept of the current proposal. Tools necessary for the proposal fulfillment are 
described in part 5. Stages of the approach suggested are presented in part 6. 
Results of the approach approbation are presented in part 7. 

 

1. GENERAL OUTLINE OF THE INVESTMENT PORTFOLIO 
 

The investment portfolio is a combination of securities owned by a given 
investor. Securities are investment opportunities (investment instruments, 
investment vehicles, investment assets, shares), traded freely on a transparent 
market which publicly transmits enough relevant information. 

The purpose of using a portfolio approach is to improve the conditions of the 
investment process by obtaining such properties (values of their significant 
variables) of the combination of the securities, which are not obtainable by any 
single security. The most often (but not the only) considered significant variables 
are risk and return. A certain configuration of risk and return is only possible 
within a given configuration of securities. Improving risk and return conditions 
through portfolio is diversification. 

A portfolio (see formula 1) consists of k+1 positions each with respective 
weights, where k is the total number of positions traded on the market. The 
invested sum of unwanted positions is set to 0. The non-invested amount is 
assumed a cash position C. If the cash position is less than 0, then there are 
borrowed funds. Short positions are also possible, in which case the sum invested 
in security i is negative. Typically the market is assumed “frictionless” e.g. no 
transaction costs, inflation, taxes, interest on cash positions etc. are computed. 

( ) ( ) ( )tCtstP
k

1i
i +∑=

=

,    (1) 

where: 
i  - serial number of position; 
k  - total number of possible non-cash positions; 
t  - temporal moment of observation; 

( )tP  - value of the portfolio at the moment t ; 

( )tsi  - allocated investment of position i  at the moment t ; 
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( )tC  - value of cash position at the moment t . 

Return of an investment portfolio (see formula 2) is calculated as a weighted 
average of the returns of all included securities. The weights correspond to the 
configuration of the portfolio – the allocated investment in each position. The sum 
of all weights (including cash position) is always equal to 1. The return of a cash 
position is normally assumed 0. 

( ) ( ) ( )tR.twtR i

k

1i
ip ∑=

=

,    (2) 

where: 
( )tRp  - return of the portfolio p  at the moment t ; 

( )tRi  - return of the security i  at the moment t ; 
( )twi  - relative weight of position i  at the moment t . 

To calculate the return of each security at the moment t  ( ( )tRi ) we first 
assume that the time domain is discrete. Then we must consider the most general 
case (see formula 3). 

( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( )

( )
[ ]

. . 1 . . 1
; , 0,1

i i i p i b

i p b

i

P s h P b K s K b D B b s D
R t D D

P b

− − − − + ÷ −
= ∈

suuur

(3) 

where: 
( )sPi  - sell price at the moment s  of security i ; 

( )bPi  - buy price at the moment b  of security i ; 

ih  - stock split correction coefficient of security i ; 

( )iB b s÷
suuur

 - quantified complimentary benefits of security i  for the period 

between moments b  and s ; 

pD  - functional for tax rate on capital gains; 

bD  - functional for tax rate on complimentary benefits; 

( )sK  - brokerage at the moment s ; 

( )bK  - brokerage at the moment b . 

There are several additional remarks on calculation (formula 3) of security 
return: 

• Since short selling is normally a possible transaction, it is not known which 
of the moments s and b precedes the other (thus the both direction arrow in 
the formula 3). 



EKONOMSKI HORIZONTI, 2011, 13, (2) 
 

 9

• To take account of the possible stock split operations during the period of 
investing in the security, a correction coefficient h is introduced. 
Depending on the type of position – long or short – the value of h could be: 

o h >1 for long positions i.e. x/1, where x is the stock split ratio or 

o h <1 for short positions i.e. 1/x, where x is the stock split ratio 

• Besides the return derived from price change, there are other forms of 
return of a security arising during the time of investing. These include 
dividends, interest, benefits from economic rights and power and etc. All 
these must be estimated as financial inflow or outflow per one share (e.g. 
if, while holding a short position there is a dividend of z amount per share, 
this is a negative return of z). 

There are several approaches to calculating portfolio risks. The dominant 
concept is to use variance and/or standard deviation and/or volatility as a measure 
of risk. A good case could be built around using information entropy as a risk 
measure of a portfolio. Therefore, measuring the risk of an individual security may 
be formulated as a function of historical data of the return of security (see formula 
4): 

( ) ( )( ),iV t F t d t= −
uuuur

     (4) 

where: 
( )tVi  - risk of the security i  at the moment t ; 

F  - function for measuring the risk of security i ; 
d  - number (depth) of historical data considered for calculation of 

risk. 

No matter what measure is used, there is a strong agreement among authors 
that “the risk of a portfolio is not a weighted average of the risks of all included 
securities” (Jones 1994, p. 573). The risk of a portfolio depends not only on the 
risks of every included security, but also on the mutual dependence 
(interdependence) between and among the securities. Cash position is assumed to 
have a risk of 0. An example approach to measure portfolio risk is described by 
formula 5, where there are two additional terms – one for weighted average of the 
risks of included securities and the other for calculating pair by pair the 
interdependence of the securities.  

( ) ( ) ( ) ( ) ( ) ( ) ( )( )tV,tV.tw.twtV.twtV jij

k

1i

k

1j
ii

2
k

1i
ip ρ+= ∑∑∑

= ==

  (5) 

where: 
( )tVp   - risk of the portfolio p  at the moment t ; 
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( )tVi   - risk of the security i  at the moment t ; 
( ) ( )( )tV,tV jiρ  - measure for interdependence of the securities i  and j . 

 
 
 
 

2. PHASES IN THE PROCESS OF PORTFOLIO MANAGEMENT 
 

 

The process of portfolio management could be analyzed in several phases 
that are arranged within a control cycle. At the same time portfolio management is 
an information transforming process. As such it may be analyzed as consisting of 
three general phases which could be dissected further into functional sub-phases, as 
follows: 

1. Information input – In this phase the ingoing informational flow is 
encoded in an understandable form. 

1.1. Setting goals – A goal is a desired state (configuration) of the significant 
variables. After the first controlling cycle, an additional task is included in goal 
setting – comparing the current state with the desired one. Criteria for evaluating 
portfolio performance may be used. Very suitable for the task is the Sortino ratio or 
its modification. The ratio is naturally goal-oriented as it compares the achieved 
return to a desired return.  

1.2. Receiving, collecting, systemizing information on the behavior and the 
structure of the portfolio. - This sub-phase closes the feedback loop of the 
controlled process. 

1.3. Receiving, collecting, systemizing information about the market 
(environment) – This sub-phase works with information from the known, observed 
external factors (market conditions and constraints, obtainable investment 
opportunities), influencing the portfolio management process. 

2. Information processing – This phase is associated with making the best 
possible use of the information obtained according to the needed function of 
portfolio management. 

2.1. Forecasting / estimating the expected values of the significant variables 
of the obtainable investment opportunities and the external factors. Statistical 
analysis of the past portfolio structure is also necessary. 

2.2. Solution generation – This is the process of defining and evaluating 
feasible states of the portfolio as combinations of multiple securities. There is a 
necessity of having an external model to simulate possible solutions to the portfolio 
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problem. It is not a compulsory component but using an example model („étalon”) 
is normal in investment portfolio management. It is a computerized simulation 
model for experimenting and evaluating the generated solutions. In most cases, the 
computer simulation would be programmed along a known (or new) theory (for 
instance Markowitz Model). 

2.3. Making decision and selecting a portfolio structure. Only “optimal” (best 
possible) solutions out of all feasible are considered. There is a need for using 
multi-criteria optimization and enforcing the principle of requisite addition. An 
important variable to be considered is the investor’s rationality and their 
preferences towards risk (and towards other significant variables). 

3. Information output – This stage is associated with the transmission 
(decoding) the information necessary for the management effects of the portfolio 
At this phase the controlling actions are emitted toward the portfolio, which also 
means realization of the solution. After comparison between the desired structure 
and the current structure of the portfolio, the differences are translated into market 
orders. Several real limitations interfere with the realization of the decision and 
thus make it sub-optimal: 

• Discretization, dissectability, availability of an issue of a given security – 
The numerical problem becomes a whole number optimization problem. 

• Delay of the system reaction, including the time for executing an order, as 
well the time for meeting the conditions of the order. The inertness of the 
controlled system also enforces delays. 

• Market friction is the cumulative effect on the free trade from brokerages, 
the inflation rate of the economy, taxes on capital gains and/or 
dividends/interests, etc. 

 

 

3. FUZZY APPROACHES TO THE PORTFOLIO PROBLEM 
 

 

Since the decision for a portfolio structure relies on ex-ante estimation based 
on ex-post data, the process is carried out under uncertainty generated by the 
unknown future outcomes (Marcheva 1995). Furthermore the huge complexity and 
abnormality (Markowitz & Usmen 1996, p. 22) of the financial markets makes the 
stochastic (let alone the deterministic) approach less and less applicable, because 
there is no base for assuming any given probability distribution of the security 
return. So other approaches to deal with the uncertainty of the portfolio are being 
sought by the researching community. 
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A possible tool for the task is the fuzzy approach i.e. using fuzzy numbers 
and fuzzy sets to describe uncertain phenomena and/or using fuzzy logic to process 
data from uncertain phenomena. A complete fuzzy approach for portfolio 
management would be a fuzzy control process entirely made of fuzzy sub-phases: 

• Fuzzy information input – fuzzification of data from the portfolio and the 
environment. As for the goal setting sub-phase, the goals originate as 
linguistic variables anyway. So it is just a matter of making them 
compatible with the rest of the process in information terms. 

• Fuzzy information processing would mostly use fuzzy logic and fuzzy 
mathematics. There are already a lot of proposals of this type to estimate 
the significant variables and generate solutions (see below). Some of them 
even suggest the ways of fuzzy selection and evaluation of solutions by 
fuzzy functions. 

• Fuzzy information output would be the phase to conduct defuzzification of 
the solution and to carry out management actions on the portfolio. 

Once the fuzzy approach for solving problems under conditions of 
uncertainty is becoming increasingly popular among researchers, it is quite 
expected that there is already a wide range of proposed solutions for different 
phases and/or tasks of the process of portfolio management. The propositions are 
most often oriented towards the two more technical phases of portfolio 
management: 

3.1. Fuzzy approaches to estimating significant variables of a portfolio 

This is the most common suggestion for using fuzzy approach in portfolio 
management. The authors propose fuzzy measures of return and risk of the 
portfolio. Typically they are followed by a way to estimate the variance – 
covariance matrix necessary for portfolio optimization. Good examples are given 
in (Katagiri & Ishii 1999; Mohamed et. al. 2009; Petreska & Kolemisevska 2010; 
Zhang et. al. 2003). Fuzzy membership functions are used to adjust the return and 
the risk of the securities in (Lian & Li 2010). The portfolio risk measure is a fuzzy 
estimated type of value at risk in (Liu et. al. 2005; Wang et. al. 2009). An 
unorthodox measure of portfolio risk is proposed in (Huang 2008) – the entropy of 
fuzzy returns of the securities in the portfolio. 

An interesting and somewhat related to the proposition in the current paper is 
the approach of (Tastle & Wierman, 2009). The authors there use expert opinions 
to reach a degree of consensus on risk estimation. Also similar to some extend is 
(Marcheva 1995). It is another research using interval numbers, where forecasting 
of shares prices is done by experts. 
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3.2. Fuzzy approaches for generating feasible solutions to a portfolio problem 

Authors focus on using fuzzy reasoning i.e. fuzzy subsets, fuzzy rules and 
linguistic variables for selecting portfolio structure or realization of investment 
strategy. In his classical book Bojadzievs (1997, pp. 157-164) is one of the first to 
propose such approach. Later (Chow & Inoue 2001; Ghandar et. al. 2009; Nakaoka 
et. al. 2005) elaborate on fuzzy linguistic rules. 

A fuzzy ranking strategy for portfolio selection giving “best solutions” for 
different degrees of risk-aversion is proposed in (Bermudez et. al. 2007). And in 
(Tiryaki & Ahlatcioglu, 2009) a fuzzy analytical hierarchical approach is used for 
multi-criteria selection of securities in a portfolio. 

 

 

4. AUTHORS’ FUZZY APPROACH FOR PORTFOLIO 
EVALUATION 

 

 

Current paper proposes a fuzzy approach for evaluating a portfolio structure 
using expertise. An important remark that has to be made upfront is that the term 
expertise is used in a broad sense. So an expert evaluation may represent the 
computation from a mathematical algorithm, a statement of a person with special 
and extended knowledge on the subject or the combination of both. 

The process of evaluation of the portfolio begins after a portfolio structure 
has been already set. The second stage uses experts’ evaluations or evaluations 
from mathematical algorithms (called method of expertise hereafter), presented in 
the form of fuzzy trapezoidal numbers. The fuzzy trapezoidal numbers have 
membership function which specifically displays a maximum range (instead of a 
point) of values among the values of the estimated variable.  

The fuzzy numbers are then processed in a specific method for discovering 
the influences of return on risk among the securities and within the portfolio. An 
analysis on delayed influences is done later. 

The aim of the approach is to establish a method for evaluating investment 
portfolios by determining the mutual influences among different significant 
variables of the portfolio (in that case, return and risk) and the hidden influences 
between them. The approach suggested could also be used as a base for comparison 
and/or ranking different portfolios. Last but not least the used experts’ evaluations 
may be aggregated results from other approaches for portfolio management. Thus, 
the approach could be described as a universal tool to combine several methods, 
while averaging out their extreme solutions. 
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5. TOOLS FOR PORTFOLIO EVALUATION 
 
 

Portfolio evaluation finds expression in two activities in this approach. The 
first activity is evaluation of the return influence on the risk of shares in the 
portfolio taking into account mutual influences between returns of shares and 
between their respective risks. The second activity is evaluation of delayed effects 
of returns on risks of shares in the portfolio. 

Tools, suggested in the paper, for the portfolio evaluation consist of: 

• method of expertise; 

• mathematical operations with confidence intervals with four evaluations 
(“confidence fours”); and 

• mathematical operations with fuzzy trapezoidal numbers (FTNs), fuzzy 
expertons, fuzzy random incidence matrices. 

Method of expertise is used to evaluate returns and risks of shares in the 
portfolio as well as the influence of returns on risks of shares. The evaluations are 
systematized in fuzzy matrices of: influence of returns on risks, mutual influences 
between returns of shares and mutual influences between risks of shares. Possible 
interval of change [ ]1,0  is set for the evaluations. The method of expertise is 
applied due to the authors’ belief in low utility of statistical methods for evaluating 
under uncertainty. 

Confidence intervals with four evaluations are a tool of the theory of 
intervals. It is a branch of mathematics applied to conditions of subjectivity and 
uncertainty (Kaufmann & Gil Aluja 1990, p. 11). According to the theory, the 
evaluation is described by an interval, which is not characterized by a possibility of 
occurring and convexity (Kaufmann & Gil Aluja 1990, p. 21). In this context 
confidence fours are building elements of fuzzy random incidence matrices and 
functions “experton” in the aggregation procedure of the portfolio evaluations. In 
this approach confidence fours are presented in discrete form (defuzzificated) by 
the so-called "representative number of the confidence four”. It reflects the relative 
linear distance of the interval to the number "zero" on the explicit condition of 
absent possibility of occurring (Kaufmann & Gil Aluja 1988, p. 74). Representative 
numbers are used in the approach to define delayed effects between returns and 
risks as well as to present results of the portfolio evaluation more clearly. 

Three types of tools of the theory of fuzzy subsets are used in the approach. 
The first one is fuzzy subset/number. It is described by confidence intervals for any 
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possibility of occurring in the interval [ ]1,0  (Kaufmann & Gil Aluja 1986, p. 37). 
Fuzzy trapezoidal numbers are used to describe uncertain experts’ evaluations of 
influences of: returns on risks of the shares in the portfolio, returns between shares 
and risks between them. The fuzzy trapezoidal number is a fuzzy number/subset 
with a linear and continuous characteristic function, which has two evaluations of 
the possibility of occurring “unity” and two evaluations of the possibility of 
occurring “zero” (Bojadziev & Bojadziev 1997, pp. 24-25). 

Mathematical operations with fuzzy random incidence matrices (see 
(Kaufmann & Gil Aluja 1988, p. 54) are used to aggregate evaluations of 
influences and to study combined and delayed effects between returns and risks. 
Three operations with fuzzy random matrices are used in the approach – 
“maxmim” function, calculation of the mathematical expectation of matrices and 
difference between matrices. The “maxmim” function is applied to the evaluation 
of combined influences of I and II generations of returns on risks (formula 6). The 
mathematical expectation weighs the evaluations of influences against the 
possibilities of their occurrence. It is used as a basis for determining the delayed 
effects of returns on risks. 

Fuzzy functions “experton” are kinds of fuzzy random matrices. They are 
used in the approach to aggregate the evaluations. The experton function is defined 
as a matrix describing the law on cumulative (for all experts (Kaufmann & Gil 
Aluja 1988, p. 55) complementary (in this case to the number “unity” (Kaufmann 
& Gil Aluja 1988, p. 55) probable distribution of evaluations (Kaufmann & Gil 
Aluja 1990, p. 54). 

 

6. STAGES OF PORTFOLIO EVALUATION 
 

 

According to the authors’ the idea the portfolio evaluation could be 
implemented in four stages: 

• Stage I “Determining the portfolio”; 

• Stage II “Aggregation of evaluations of (mutual) influences between return 
and risk of shares in the portfolio”; 

• Stage III “Evaluation of combined influences (of I and II generations) of 
returns on risks of shares in the portfolio”; and 

• Stage IV “Evaluation of delayed effects of returns on risks of shares in the 
portfolio”. 
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The first stage consists of procedures for portfolio generating and evaluation 
of (mutual) influences of returns and risks of the shares in the portfolio. The first 
procedure is not subject to this publication. The second procedure covers activities 
of generating matrices of (mutual) influence of returns and risks in the portfolio, 
including matrices of: influence of returns on risks of the shares in the portfolio, 
mutual influence between returns of the shares and mutual influence between risks 
of the shares. In mathematical terms the evaluations are represented by fuzzy 
trapezoidal numbers. 

The evaluations of influence of returns and risks of the shares in the portfolio 
are aggregated at the second stage. This is achieved by forming experton functions, 
which require the use of fuzzy trapezoidal numbers as confidence fours. The 
second stage consists of the following procedures: 

• calculation of experton of mutual influences between returns of the shares; 

• calculation of experton of mutual influences between risks of the shares; 
and 

• calculation of experton of influence of returns on risks of the shares. 

Mutual influences between returns of shares in the portfolio are aggregated 
in the first procedure. The procedure includes accumulation of the evaluations of 
mutual influence between returns of the shares by fuzzy random influence matrices 
and formation of the experton of mutual influences between returns of the shares. 
Mutual influences between risks of the shares in the portfolio are aggregated in the 
second procedure. Influences of returns of the shares on their risks are aggregated 
in the third procedure. The second and third procedures are realized in analogy 
with the first procedure of the stage. 

Combined influences of I and II generations of returns on risks of the shares 
in the portfolio are evaluated at the third stage. It is implemented by integrating 
mutual influences between returns of the shares, risks of the shares and influence of 
returns on risks into the so-called “combined influences of I and II generations”. 
Combined influences are evaluated by applying the function “maxmin” to the 
expertons: “return - return”, “risk - risk” and “return – risk” (formula (6). 






 ∧∧∨=°°= →→ R

~
E
~

Y
~

R
~

E
~

Y
~

I
~

RYRYII,I

&&&&&&&&
,   (6) 

where: 

II,II
~&&

 - is fuzzy random matrix of combined influences of I and II 

generations; 
o ∨ , ∧  - are symbols to denote functions “maxmin”, “max” and “min” 

respectively; 

Y
~&

 - experton “return - return”; 
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R
~&  - experton “risk - risk”; 

RYE
~

→

&
 - experton “return – risk”. 

Delayed effects of returns on risks of the shares in the portfolio are evaluated 
at the fourth stage. This stage includes de-accumulation (to the number “zero”) of 
the fuzzy matrices of influence of returns on risks, calculation of the mathematical 
expectation for fuzzy matrices of de-accumulated influences of returns on risks and 
evaluation of delayed effects of returns on risks. The first activity refers to the 
experton of influences of returns on risks and to the fuzzy matrix of combined 
influences of I and II generations of returns on risks. The second activity is aimed 
at taking into account the possibilities of occurring of de-accumulated evaluations 
of the return influence on risk. It is applied with respect to confidence fours of the 
experton of de-accumulated influences and to the fuzzy matrix of de-accumulated 
combined influences of I and II generations as well as with respect to confidence 
fours of the portfolio in these experton and fuzzy matrix. Confidence fours of the 
mathematical expectations are substituted by their representative numbers, which 
are systematized in the so-called “representative matrices”. 

Delayed effects are defined by: 

1) formation of the difference between elements of the representative 
matrices of mathematical expectations for returns influence on risks (see formula 
(7) and for combined influences of I and II generations; and 

2) subsequent definition as delayed effects of the differences, which are 
equal to or higher than given constant ( c ), belonging to the interval ( ]1,0  (see 
formula (8). 

( ) ( ) ii

j

i A,1

H,Aj

A,2

H,A

A

H,AjH DD ε−ε=ε=ε , ( ) ( ) [ ]1,0,,D ii

j

i A,1

H,Aj

A,2

H,A

A

H,Aj ∈εεε  (7) 

( ]1,0c,cD for DDde iii

j

A

H,Aj

A

H,Aj

A

A
∈≥εε= ,  (8) 

where: 

HDε  is the matrix of the difference of mathematical expectations for 
returns influence on risks, 

( ) i

j

A,1

H,A
ε  - representative number of the mathematical expectation of de-

accumulated return influence of the share iA  on the risk of the share Aj 
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( ) i

j

A,2

H,A
ε  - representative number of the mathematical expectation for de-

accumulated combined influence of I and II generations of the return influence of 
share 

iA  on the risk of share Aj; 

i

j

A

A
Dde  - delayed effect of the return influence of the share 

iA  on the risk 

of the share Aj. 

 
 
 

7. APPROBATION OF THE APPROACH TO PORTFOLIO 
EVALUATION 

 

The approbation of the suggested approach was accomplished for three 
portfolios, each consisting of four shares (A1 to A4). Shares in all three portfolios 
are of the same kind, but participate in portfolios with different weightings. 

The results for the return influence on the risk of the shares in portfolios 1, 2 
and 3 are shown in Tables 1, 2 and 3 respectively. Graphical presentations of the 
results for the return influence of the three portfolios on the risk of the share A1 are 
done in figure 1 (see tables 1, 2 and 3, column “Share A1”, row “Portfolio…”).  

It is obvious from tables 1 to 3 that the three portfolios are characterized by 
high degree of the return influence on the risk belonging to the range [ ]75,0;66,0 . 
The highest result is that of portfolio 3 (table 3). Therefore other things equal to the 
choice are definite for portfolio 3. 

The results of the approach approbation show that the delayed effects of 
returns on risks in the evaluation of combined influences of I and II generation for 
the three portfolios are lower than 0.21. These delayed effects are defined as very 
low or negligible. Table 4 presents evaluations of delayed effects of portfolio 3. 
Among the three portfolios there is a portfolio with the highest evaluations of 
delayed effects (see table 4, row “Share A2” and column “Share A1”). This result 
is logical given that portfolio 3 is the portfolio with the highest degree of return 
influence on the risk of the shares. 
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Table 1: Mathematical Expectations for Portfolio 1 

 

min for a=0 min for a=1 max for a=1 max for a=0 min for a=0 min for a=1 max for a=1 max for a=0 min for a=0 min for a=1 max for a=1 max for a=0 min for a=0 min for a=1 max for a=1 max for a=0

Share A1

evaluations 0,465 0,534 0,9 1 0,399 0,467 0,9 0,967 0,465 0,534 0,833 1 0,399 0,467 0,8 0,967

reresentative number
Share A2

evaluations 0,367 0,534 0,833 0,9 0,367 0,499 0,8 0,899 0,367 0,534 0,833 0,9 0,367 0,499 0,8 0,934

reresentative number
Share A3

evaluations 0,567 0,6 0,833 0,967 0,467 0,5 0,767 0,899 0,466 0,6 0,833 0,967 0,567 0,6 0,8 0,933

reresentative number
Share A4

evaluations 0,4 0,533 0,833 0,934 0,4 0,533 0,833 0,899 0,4 0,533 0,767 0,934 0,4 0,533 0,8 0,9

reresentative number

evaluations 0,4498 0,5503 0,8498 0,9503 0,4083 0,4998 0,8250 0,9160 0,4245 0,5503 0,8165 0,9503 0,4333 0,5248 0,8000 0,9335

reresentative number

Portfolio 1 (shares A1 till A4)

0,68 0,67

0,65

0,72 0,72

0,66 0,66

0,67

0,65

Share A4

Mathematical expectation for the evaluations of return influence on risk of the shares of portfolio 1

0,7 0,65

Share A3Shares Share A1 Share A2

0,72

0,67

0,68

0,7 0,66

0,67 0,64

0,73

0,68

 

 

 

 
Table 2: Mathematical Expectations for Portfolio 2 

 

min for a=0 min for a=1 max for a=1 max for a=0 min for a=0 min for a=1 max for a=1 max for a=0 min for a=0 min for a=1 max for a=1 max for a=0 min for a=0 min for a=1 max for a=1 max for a=0

Share A1

evaluations 0,367 0,5 0,833 0,9 0,567 0,6 0,767 0,899 0,567 0,6 0,733 0,733 0,466 0,6 0,833 0,899

reresentative number

Share A2

evaluations 0,499 0,567 0,8 0,967 0,533 0,6 0,8 0,9 0,533 0,6 0,767 0,866 0,499 0,6 0,8 0,9

reresentative number

Share A3

evaluations 0,433 0,533 0,8 0,933 0,501 0,567 0,834 1 0,501 0,567 0,834 1 0,501 0,567 0,8 0,899

reresentative number

Share A4

evaluations 0,499 0,567 0,799 0,967 0,567 0,6 0,767 0,866 0,567 0,6 0,7 0,767 0,5 0,6 0,799 0,867

reresentative number

evaluations 0,4495 0,5418 0,8080 0,9418 0,5420 0,5918 0,7920 0,9163 0,5420 0,5918 0,7585 0,8415 0,4915 0,5918 0,8080 0,8913

reresentative number 0,68 0,7

0,7

0,72 0,69

0,66 0,69

0,69

Share A4

Mathematical expectation for the evaluations of return influence on risk of the shares of portfolio 2

0,66 0,71

Share A3

0,72

0,7

Shares Share A1 Share A2

0,66

0,69

0,7

0,68 0,7

0,7 0,71

0,67

Portfolio 2 (shares A1 till A4)
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Table 3: Mathematical Expectations for Portfolio 3 

 

min for a=0 min for a=1 max for a=1 max for a=0 min for a=0 min for a=1 max for a=1 max for a=0 min for a=0 min for a=1 max for a=1 max for a=0 min for a=0 min for a=1 max for a=1 max for a=0

Share A1

evaluations 0,567 0,6 0,867 0,967 0,6 0,6 0,799 0,833 0,6 0,6 0,833 0,967 0,5 0,6 0,867 0,934

reresentative number

Share A2

evaluations 0,567 0,7 0,867 0,967 0,533 0,7 0,799 0,867 0,567 0,7 0,767 0,867 0,567 0,6 0,867 0,967

reresentative number

Share A3

evaluations 0,567 0,6 0,833 0,9 0,533 0,6 0,834 0,899 0,567 0,6 0,833 0,9 0,567 0,6 0,767 0,833

reresentative number

Share A4

evaluations 0,567 0,7 0,833 0,967 0,533 0,7 0,767 0,867 0,567 0,7 0,767 0,867 0,567 0,6 0,833 0,967

reresentative number

evaluations 0,5670 0,6500 0,8500 0,9503 0,5498 0,6500 0,7998 0,8665 0,5753 0,6500 0,8000 0,9003 0,5503 0,6000 0,8335 0,9253

reresentative number

0,72

0,71

0,75 0,72

0,78 0,73

0,72

Portfolio 3 (shares A1 till A4)

0,72

0,77

Shares Share A1 Share A2

0,74

Share A4

Mathematical expectation for the evaluations of return influence on risk of the shares of portfolio 3

0,74 0,73

Share A3

0,73 0,72

0,74

0,72 0,69

0,73 0,73

0,73

 
Table 4: Mathematical Expectations for Delayed Effects of Portfolio 3 

 

Share A1 Share A2 Share A3 Share A4

A1 0,045 0,055 0,079 0,148
A2 0,208 0,173 0,148 0,115
A3 0,102 0,107 0,072 0,129
A4 0,137 0,052 0,048 0,063
Portfolio 3 0,123 0,089 0,079 0,114

Mathematical expectation for the evaluations of delayed effects of return on risk of the shares of portfolio 3Shares

 
Fig. 1: Fuzzy evaluations of return influence of portfolio 1, 2 and 3 on the risk 

of share A1 
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CONCLUSION 

 

This paper presents a new approach to evaluating investment portfolios 
through fuzzy tools of the theory of confidence intervals and theory of fuzzy 
subsets. The approach consists of determining mutual and hidden influences 
between the significant variables of the investment portfolio in which evaluations 
of the influences are described by fuzzy trapezoidal numbers and are aggregated by 
mathematical operations on fuzzy incidence matrices and fuzzy functions 
“experton”. 

A general concept of the investment portfolio is reviewed in the paper. 
Phases of the process of managing the investment portfolio are determined. 
Important remarks about realization of a proposed optimal solution to a portfolio 
problem are pointed out. The need for fuzzy approaches to solve this task in the 
context of complexity and abnormality of the financial markets is substantiated. A 
concept of the fuzzy approach suggested by the authors of the article is presented. 
Tools and stages of the methods for the implementation of the approach are 
characterized. The results of the approach approbation are systematized and 
analyzed. The approbation is realized through the case data and is aimed only at 
demonstrating the approach and its applicability. 

According to the authors the approach suggested could also be used as a base 
for comparison and/or ranking different portfolios. Last but not least, the used 
experts’ evaluations may be aggregated results from other approaches for portfolio 
management. Thus, the approach could be described as a universal tool to combine 
several methods. 
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